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Stationarity versus non-stationarity
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Ordinary linear regression
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Relationship between the mean income (left) and the percentage of the population living in the whole region
per municipality. The hypothesis is that we may find higher revenues where a higher number of inhabitants
will translate a higher level of economic activity, with more specialized services
cEPFL

Environmental sciences and engineering (SIE) - ENV-444 - Exploratory Data Analysis in Environmental Health



Ordinary linear regression (OLS)
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Mapping the results of an OLS
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Closer observations should have a greater weight

vi= Py + Bxy Vi= Bio T Bixy;

RS oy

Stationary process Non-stationary process

X T

|
Need to move towards a realistic

Brunsdon C, Fotheringham AS and Charlton M (1996) Geographically apprehension of the behavior of

weighted regression: a method for exploring spatial non-stationarity, spatial processes
Geographical Analysis, 28(4), 281-298
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Geographic Weighted Regression

* The basic hypothesis is spatial heterogeneity

» \We directly take into account non-stationarity and we admit
that relationships in the geographical space will vary:

V() = Bol) + B, (1) Xs + Bo(l) Xo ... + .. + B () X, + £(1)

Where (i) refers to a distinct location where parameters are
estimated
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Influence of explanatory variables

* The closer two observations, the more similar the influence,
the closer the coefficients of explanatory parameters
» Regression with close observations of location i only ?
—No, because the more points in the sample, the lowest the variance

—|t does not remove the bias, even with few neighboring points
(measure of 1 global effect instead of several local effects)

e Solution ?
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Reduce importance of most remote observations

Wiuw)(x,y) : weight given to the point of (u;,v;) \ Wit
coordinates (x,y) in the local regression \

centered on the point of coordinates (ui,vi) \

W (ui,vi) B Vi)

-

Loonis & Bellefon (2018) INSEE Eurostat
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W Matrix

Parameters are calculated
with the following estimator:

B’ = (XTWGi) X)* XTW) Y W= . . .

One “matrix” per i location,
.e. per regression point
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W Matrix

C 3 7 N2
A . / \\ By

[1.0000 0 0 0 0 0 0 0 0
09950 0 0 0 0 0 0 0 . ]

0 0.8825 0 0 0 0 o | .

0 0 0 0 0 | 77 Io I
W(x)=| 0 0 0 02780 0 0 0 0 - | i

; ; 0 ; " ) Distance

0 0 0 0 | |

; ’ O 0 42

0 0 0

g 002} | |oyd, 2009

5 o o [ Vo2 | wei | var2inegression
o 1 6 1 6

nate :'-)?Gﬁﬁfdihat:l Variable 1(y) | Variable 2(2)}?!8’(3—@?%) | Ge

— “*—'“‘**‘”—“”d*““‘ “‘12“ 6 0.00 ' 2 | &2 0.99 5148
: o ;1”00 | 0.9950 | 3 4 0.88 36.08
2 2551 Rt 2t oo 96 MR o T 07 o
3 | 21.87 | 48.90 S R B 0.8825 | :
4 2760 | 52.57 12 25 ~ 8.00 0.7261 5 22 0.27 594
5 16.69 31.33 | | 222 [ S 0.2780 6 9 0.08 0.72
5 | 25 | 3535 | 14 | 9 20.00 0.0889 743 0.03 129
7| 920 | 6565 56 | 43 2600 | | 00340 8 67 0.006 0402
8 | Bl 57 | 75 | 67 3200 | | 00080 9 32 00002  0.0064
9 | 61.37 66.01 43 | 32 200 v 0.0002

Weighted value of variable 2 in the regression




Kernel functions

Weight

— = = = =

Key parameters

1. Shape of the kernel
a) Gaussian
b) Bi-square
c) Etc.

2. Fixed versus adaptive kernel
a) Distance
b) Number of neighbors

3. Size of the bandwidth

>
Distance from regression point
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As many equations as there are geo-units

A GWR will generate 1 equation for each spatial unit /

*E.g. 50 spatial units
= b0 equations = 50 sets of estimated parameters

*Sets (range) of local By, local B, local significance tests
(e.g. Student’s T), and local r? values
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OLS versus GWR

Parameter estimate

Akaike Information
Criterionis a
measure of the
relative goodness
of fit

OLR

GWR

Predictor wariahles

GGlobal parameter
estimate

GWWR parameter
estimates

AIC = 2k — 2In(L)
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Total population, 1 g 24 y1074 0.14 to 0.28 %107
% rural, fa {.044 .06 to .03
% elderly, B3 .06 (not signif.) | 40.26 to 0.0k
% foreign born, Sg 1.26 057 to 2.42
% poverty, fis .15 .20 to -0.00
% black, fg 0.022 (not signif.) | .04 to 0.03
Intercent, 5o 14.78 1262 to 16.45
Diagnostics

Residual 55 1816 =———=> | 1505
Adjusted R 0.63 = |0.68

AlCe 855.4 839.2

Range of parameter estimates

Residuals = (sum of the local residuals)?

Coefficient of determination
(% of variance explained)

=PrL



R2 = Coefficient of determination

The global estimation of the quality of a model
IS based on the equation of variance analysis:

SCT = SCE + SCR

where:

° SCT = total sSum Of Squares = total Var|aﬂce Source de variatiun| Somme des carrés |
Expliquée SCE = Z(E}I - g)i

« SCE = sum of explained squares
= variance explained by the model Residuetie_ [SCR = D_(y: = §)°

SCT = (y; — )’

« SCR = sum of residual squares Totale
= variance not explained by the model

[SCE _ ., _ISCR

L TR B? — =1 —
And the coefficient of determination is: |SCT lsCT
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Global R2 for GWR

 The overall R2 value for GWR is calculated the exact same
way as for OLS

* |t is the proportion of the variability explained by the model

* For both it is:
1 - (X(predicted-observed)?/2(observed-mean of all
observed)?)

* |n other words, it is 1 minus the variance of the residuals
divided by the variance of the input data

 In both OLS and GWR, the residuals are the predicted
minus the observed



Diagnostic information (global statistics)

OLS GWR

< Diagnostic information > Diagnostic information
Residual sum of squares: 3636.112485 Residual sum of squares: 1718.515412
Number of E—éu%é;ﬂmm: 2 Effective % QJ; E&%mj (nﬂ,lgug@u]c trace(s)):

(Note: this num does not include an error variance term Effective pumber of parameters (variance: trace(S's)):

T L T T SR Degree of freedom (model: n - trace(s)):
ML, based global Sllgma W. §.205816 Degree of freedom (residual: n - 2trace(S) + trace(S'S)):
WQ glObal sigma estilmate: 8.362131 ML based sigma estimate: 5.641315
Log-likelihood: 380.568424 Unbiased sigma estimate: 6.099078
Classic AIC: 386.568424 Log-likelihood: 340.098016
AICC: 387.048424 Classic AIC: 353.541354
BIC/MDL: 392.535376 %&m- ggg;fggﬁ
CV: . 82.105037 v 53.935680
R ?quare' 0.057164 R square: 0.554391
Adjusted R sguare: 0.020150 Adjusted R square: 0.477475
% Arizona State GWR
University

School of Geographical Sciences & Urban Planning https://sgsup.asu.edu/sparc/mgwr
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Local statistics
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Mapping local significance
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Net primary production (NPP) in China

NPP is the rate at which energy is stored as biomass by plants

Global Ecology and Biogeography, (Global Ecol. Biogeogr.) (2005) 14, 379-393

RESEAHCH Application of a geographically-weighted
P‘”‘PE“ regression analysis to estimate net
primary production of Chinese forest

‘.*/ ecosystems

Quan Wang'*, Jian Ni*® and John Tenhunen'

'Departinent of Plant Ecology, University of ABSTRACT

Bayreuth, D-95440 Bayreuth, Germany; . .
; _ ! o .~ Aim The objective of this paper is to obtain aLﬂprﬂﬂlﬁLLpLDdﬂ&lLﬂ_tLLMRE)J

Laboratory of Quantitative Vegetation Ecology,
regression model based on the geographically weighted regression (GWR) method,

Institute of Botany, Chinese Academy of
which includes spatial non-stationarity in the parameters estimated for forest

Sciences, 100093 Beijing, China; and *Max . .
ecosystems in China.

Planck Institute for Biogeochemistry, PO Box
100164, D-07701 Jena, Germany Location We used data across China.

Methods We examine the relationships between NPP of Chinese forest ecosystems

and environmental variables, specifically altitude, temperature, precipitation and
NPP data from more than 1200 sites in time-integrated normalized difference vegetation index (TINDVI) based on the
29 Provinces of China. ordinary least squares (OLS) regression, the spatial lag model and GWR methods.
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Net primary production (NPP) in China

Table 1 The independent variables of each model candidates
designed for both GWR and OLS methods

Models Independent variables

Model 1 Altitude, Temperature, Precipitation, and TINDVI
Model 2 Altitude, Temperature, and Precipitation
Model 3 Altitude, Temperature, and TINDVI
Model 4 Altitude, Precipitation, and TINDVI
Model 5 Altitude, Temperature, and TINDVI
Model 6 Temperature, and Precipitation

Model 7 Precipitation, and TINDVI

Model 8 Temperature, and TINDVI

Model 9 Altitude

Model 10 Temperature

Model 11 Precipitation

Model 12 TINDVI
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Net primary production (NPP) in China

Table 3 Descriptive statistics of the parameter

estimates for the Model 1 both by OLS and Methods  Statistics By B, i8 B: if
GWR methods
OLS Estimate 6.1387 —0.0009 0.0008 0.0075 —0.0087
Standard error 0.7959 0.0001 0.0343 0.0004 0.0051
Lower limit of 95% CI 45767 —-0.0012 0.0325 0.0067 —0.0188
Upper limit of 95% CI 7.7007 —0.0007 0.1671 0.0083 0.0014
b— 15D 5.3428 —0.0011 0.0655 0.0071 —-0.0139
b+ 15D 6.9346 —0.0008 0.1341 0.0079 —0.0036
GWR Mean —0.5225 0.0021 0.5160 0.0020 0.0143
Minimum —19.2328 —0.0052 —0.8503 —0.0152 —0.0640
25% quartile —12.5593 —0.0015 0.0606 —0.0004 0.0035
Median 3.4685 0.0004 0.4752 0.0023 0.0235
75% quartile 8.0914 0.0075 0.9816 0.0063 0.0337
Maximum 20,4342 0.0142 1.8626 0.0114 0.0692
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Net primary production (NPP) in China
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Poverty in Montreal

Modélisation spatiale de la pauvreté 3 Montréal 417

Research @& Full Access

Modélisation spatiale de la pauvretéa Montréal: apport
méthodologique de la régression géographiquement pondérée
PHILIPPE APPARICIO g, ANNE-MARIE SEGUIN i, XAVIER LELOUP i
First published: 15 May 2017 | https://doi.org/10.1111/j.1541-0064.2007.00189.x | Citations: 12
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Cote-Samnt-Luc 11 LaSalle I8 Pierretonds 25 Senneville
Dollard-des-Ormeaux 12 Mont-Roval 19 Pointe-Claire 26 Verdun
Dorva 13 Montréal 20 Roxboro 27 Westmount
Hampstead 14 Montréal-Fst 21 Samt-laurent

ote - discréusation selon les quantiles Source : Statistique Canada. recensement de 2001




Poverty in Montreal

0.49 4 1.96

* Mapping the local significance
(here Student’s T) of R—
independent variables e e

personne (%)

.70 a 0.00

% monoparental

T4 : Immugrants récents (Yo)
(racine carrée)
241 a-1.96
-1.95 4 0.00
0.01 4 1.96
B 1.9742.58
Bl 2.5943.29

001alve

A significance test provides the 1574235
probability to reject HO for a -
given variable ¢ % persor nouseholds 55

« A high T means that the s 00

corresponding variable is =1
significant

T6 : Non-fréquentation scolaire
des jeunces de 15 a 24 ans (%)
-1.43 40,00
0.0141.96

330 44.84




Poverty in Montreal  de Moar

0.45 |
0,40 |
0,35 |
0,30 . —
/ Modele de régression global
0,25 d -
0,20 |
0,15
0,10 : :
Tableau 4 Modele GWR
Analyse de variance entre les modéles de régression global et GWR 0.05 |
Modele de Sommes Degrés de Carrés F de 0.00 “— | : ] : : | : | . @
régression des carrés  liberté  Moyens Fisher ’ e . . g .3 S o & A s o
Wl
S QL v 2 v 2o »r D o 5
Résidus du modele 19976,5 7,00 - 2 =2 =2 2 8 82 383 2 8 =3
global | -
Modéle GWR 6514,7 53,19 122,48 T _ PP <k &
Résidus du modéle 12461.8 445.81 3020 4,0561 Matrice de distance (u ij l/djj avec w ;=0 qnunddy >bh) @
GCWR

Matrice de contiguité (selon le partage d'une chaine)
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Conclusions on GWR

e Spatially explicit approach to measure the relationship between a
dependent and a set of independent variables

e [his approach was designed in order to follow the first law of geography of
Tobler, while respecting assumptions of classic statistics.

e GWR employs a spatial weighting function with the assumption that near
places look more similar than distant ones - GEOGRAPHY MATTERS

e Residuals produced by GWR are generally much lower, less autocorrelated

o |

o |
9

ne outputs are location specific, hence mappable for further analysis
nis type of local analysis makes it possible to understand georeferenced

nenomena into much more details and less bias than with OLS
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